Abstract. We prove that nine-dimensional exceptional quotient singularities exist.
One can show that exceptional Kawamata log terminal singularities are straightforward generalizations of the Du Val singularities of type E 6 , E 7 and E 8 (see [16, Example 5.2.3] ), which partially justifies the word "exceptional" in Definition 4. It follows from [3, Theorem 1.16] that exceptional Kawamata log terminal singularities exist in every dimension. Surprisingly, Question 3 is almost equivalent to the following Question 5. Are there exceptional quotient singularities of dimension n + 1?
Recall that quotient singularities are always Kawamata log terminal. So Question 5 fits well to Definition 4. It follows from [16] , [13] , [3] , and [4] that the answers to both Questions 3 and 5 are positive for every n 5 (see Theorems 10 and 12) . Moreover, it follows from [4] that the answers to both Questions 3 and 5 are "surprisingly" negative for n = 6. The purpose of this paper is to show that the answers to both Questions 3 and 5 are again positive for n = 8 by proving the following Theorem 6. Let G be a finite subgroup in SL 9 (C) such that G ∼ = 3 1+4 : Sp 4 (3) (see [6] for notation), let φ : SL 9 (C) → Aut(P 8 ) be the natural projection. PutḠ = φ(G). Then 4/3 αḠ(P 8 ) 10/9 and the singularity C 9 /G is exceptional.
How to compute αḠ(P n )? How to show that a given quotient singularity is exceptional? How Questions 3 and 5 are related? How to prove Theorem 6? What are the expected answers to Questions 3 and 5 for n = 7 and n 9? Let us give partial answers to these questions.
Let φ : GL n+1 (C) → Aut(P n ) be the natural projection. Then there exists a finite subgroup G in GL n+1 (C) such that φ(G) =Ḡ. Put lct P n ,Ḡ = sup λ ∈ Q the log pair (P n , λD) has log canonical singularities
Theorem 7 (see e. g. [2, Theorem A.3] ). One has lct(P n ,Ḡ) = αḠ(P n ).
The number lct(P n ,Ḡ) is usually calledḠ-equivariant global log canonical threshold of P n . Despite the fact that lct(P n ,Ḡ) = αḠ(P n ), we still prefer to work with the number lct(P n ,Ḡ) throughout this paper, because it is easier to handle than αḠ(P n ). For example, it follows immediately from the definition of the number lct(P n ,Ḡ) that lct(P n ,Ḡ) d/(n + 1) if the group G has a semi-invariant of degree d (a semi-invariant of the group G is a polynomial whose zeroes define aḠ-invariant hypersurface in P n ).
Recall that an element g ∈ G is called a reflection (or sometimes a quasi-reflection) if there is a hyperplane in P n that is pointwise fixed by φ(g). To answer Question 5 one can always assume that the group G does not contain reflections (cf. [4, Remark 1.16] ). On the other hand, one can easily check that there exists a finite subgroup G ′ ⊂ SL n+1 (C) such that φ(G ′ ) =Ḡ. So to answer Question 3 one can also assume that G ⊂ SL n+1 (C), which implies, in particular, that the group G does not contain reflections. Moreover, if the group G does not contain reflections, then the singularity C n+1 /G is exceptional if and only if the singularity C n+1 /G ′ is exceptional thanks to the following Theorem 8 ([3, Theorem 3.17]). Let G be a finite subgroup in GL n+1 (C) that does not contain reflections. Then the singularity C n+1 /G is exceptional if and only if for anyḠ-invariant effective Q-divisor D on P n such that D ∼ Q −K P n , the log pair (P n , D) is Kawamata log terminal.
Corollary 9. Let G be a finite subgroup in GL n+1 (C) that does not contain reflections. Then
• the singularity C n+1 /G is exceptional if lct(P n ,Ḡ) > 1,
• the singularity C n+1 /G is not exceptional if either lct(P n ,Ḡ) < 1,
• the singularity C n+1 /G is not exceptional if G has a semi-invariant of degree at most n+1,
• for any subgroup G ′ ⊂ GL n+1 (C) such that G ′ does not contain reflections and φ(G ′ ) =Ḡ, the singularity C n+1 /G is exceptional if and only if the singularity C n+1 /G ′ is exceptional.
The assumption that G does not contain reflections is crucial for Theorem 8 (see [3, • the singularity C n+1 /G is exceptional,
• lct(P n ,Ḡ) (n + 2)/(n + 1),
• the group G is primitive and has no semi-invariants of degree at most n + 1.
In particular, both Questions 3 and 5 are equivalent for n 4 and can be expressed in terms of primitivity and absence of semi-invariants of small degree of the group G. It appears that in higher dimensions the latter is no longer true, since there are non-exceptional six-dimensional quotient singularities arising from primitive subgroups without reflections in GL 6 (C) that have no semi-invariants of degree at most 6 (see [3, Example 3.25] ). On the other hand, we still believe that both Questions 3 and 5 are equivalent for every n, which can be summarized as Conjecture 11. Let G be a finite subgroup in GL n+1 (C) that does not contain reflections. Then the singularity C n+1 /G is exceptional if and only if lct(P n ,Ḡ) > 1.
In fact, Conjecture 11 still holds for n = 5, because of Theorem 12 ([4, Theorem 1.14]). Let G be a finite subgroup in SL 6 (C). Then the following are equivalent:
• the singularity C 6 /G is exceptional,
• the inequality lct(P 5 ,Ḡ) 7/6 holds,
• eitherḠ is the Hall-Janko sporadic simple group (see [12] ), or G ∼ = 6.A 7 andḠ ∼ = A 7 .
In particular, both Questions 3 and 5 are equivalent and both have positive answers for n = 5. For n = 6, both Questions 3 and 5 are also equivalent and both have negative answers due to Theorem 13 ([4, Theorem 1.16]). For every finite subgroup G in GL 7 (C), the singularity C 7 /G is not exceptional and lct(P n ,Ḡ) 1.
To apply Theorem 8 we may assume that G ⊂ SL n+1 (C), since there exists a finite subgroup
On the other hand, it is well known that there are at most finitely many primitive finite subgroups in SL n+1 (C) up to conjugation by Jordan's theorem for complex linear groups. Primitive finite subgroups of SL 2 (C) are group-theoretic counterparts of Platonic solids and each of them gives rise to an exceptional quotient singularity (see [16, Example 5.2.3] ). Similar classification is possible in small dimensions. For example, primitive finite subgroups of SL n+1 (C) for n 6 have been classified long time ago (see for example [7] ). This allowed to obtain the complete list of all finite subgroups in SL n+1 (C) for every n 6 that give rise to exceptional quotient singularities (see [13] , [3] , and [4] ), which implies, in particular, that the answers to both Questions 3 and 5 are positive for every n 5 and are negative for n = 6 (see Theorem 13) . We have no idea right now what are the answers to Questions 3 and 5 in the cases when n = 7 and n 9, but we expect that the answers to both Questions 3 and 5 may still be negative for all n ≫ 0 due to the following Theorem 14. Let G be the finite subgroup in GL n+1 (C) such thatḠ is a sporadic simple group. Then C n+1 /G is exceptional if and only if n = 5 andḠ is the Hall-Janko sporadic simple group.
Proof. SinceḠ is simple, we may assume that G has no quasi-reflections. Explicit computations in GAP (see [8] ) imply that G has a semi-invariant of degree at most n + 1 (and thus C n+1 /G is not exceptional by Theorem 8) unless n = 5 andḠ is the Hall-Janko sporadic simple group 1 . If n = 5 andḠ is the Hall-Janko sporadic simple group, then the singularity C n+1 /G is exceptional by [4, Theorem 1.14].
An indirect evidence that both Questions 3 and 5 may have negative answers for all n ≫ 0 is given by Theorem 15 ([5] ). Let G be the finite primitive subgroup in GL n+1 (C). Suppose that n 12. Then |Ḡ| (n + 2)!. Moreover, if |Ḡ| = (n + 2)!, thenḠ ∼ = S n+2 .
In fact, Collins obtained the optimal bounds for |Ḡ| for every n 11 if G is primitive (his proof uses known lower bounds for the degrees of the faithful representations of each quasisimple group, for which the classification of finite simple groups is required). Moreover, it follows from [16] , [13] , [5] , [3] , and [4] that |Ḡ| reaches its maximum on a subgroupḠ in Aut(P n ) with lct(P n ,Ḡ) > 1 if n 3, and this is no longer true for 4 n 6. Surprisingly, it follows from Theorem 6 that in the case when n = 8, the number |Ḡ| reaches its maximum if G is isoclinic to a finite subgroup in GL 9 (C) that is mentioned in Theorem 6. For n = 11, the number |Ḡ| reaches its maximum ifḠ is the Suzuki sporadic simple group.
In the remaining part of the paper we prove Theorem 6. Let G be a finite subgroup in SL 9 (C) from Theorem 6. Then the embedding G ֒→ SL 9 (C) is given by an irreducible nine-dimensional G-representation 2 , which we denote by U . The outline of the proof of Theorem 6 is as follows. We assume that lct(P 8 ,Ḡ) < 10/9 and seek for a contradiction. There exists aḠ-invariant Q-divisor D on P 8 and a positive rational number λ < 10/9 such that D ∼ Q −K P 8 and the log pair (P 8 , λD) is strictly log canonical, i.e. log canonical and not Kawamata log terminal. Arguing as in [3] and [4] , we apply Nadel-Shokurov vanishing (see [11, Theorem 9.4.8] ) and Kawamata subadjunction (see [10, Theorem 1] ) to obtain restrictions on the Hilbert polynomial of the minimal center of log canonical singularities of the log pair (P 8 , λD) (see [9, Definition 1.3], [10] ). Composing the latter with results coming from representation theory we obtain a contradiction. One of the few new ingredients of the proof is the binomial trick (see Lemma 27).
Let us list without proofs some properties of the G-representation U (Lemmas 16, 17, 18, and 19) that can be verified by direct computations. We used GAP (see [8] ) to carry them out. 1 Similarly, one can show that G has a semi-invariant of degree at most n (and thus C n+1 /G is not weaklyexceptional (see [3, Definition 3.7] ) by [3, Theorem 3.16]) unless either n = 5 andḠ is the Hall-Janko sporadic simple group, or n = 11 andḠ is the Suzuki sporadic simple group (see [17] ). We expect that in the latter case the corresponding quotient singularity is actually weakly-exceptional.
2 Note that the group G has two irreducible representations of dimension 9, but they differ only by an outer automorphism of G, so that the subgroup G ⊂ SL9(C) is defined uniquely up to conjugation. Lemma 19. Let U 24 ⊂ Sym 6 (U ∨ ) be the 24-dimensional irreducible subrepresentation. Then U ∨ ⊗ U 24 is an irreducible G-representation. Now we are ready to prove Theorem 6. It follows from Theorems 7 and 8 that to prove Theorem 6 it is enough to prove that 4/3 lct(P 8 ,Ḡ) 10/9. On the other hand, one has lct(P 8 ,Ḡ) 4/3 by Lemma 16. In fact, we believe that lct(P 8 ,Ḡ) = 4/3, but we are unable to prove this now. To complete the proof of Theorem 6, we must prove that lct(P 8 ,Ḡ) 10/9. Suppose that lct(P 8 ,Ḡ) < 10/9. Then there is an effectiveḠ-invariant Q-divisor D ∼ Q O P 8 (9) , and there is a positive rational number λ < 10/9 such that (P 8 , λD) is strictly log canonical.
Let S be a minimal center of log canonical singularities of the log pair (P 8 , λD) (see [9, Definition 1.3], [10] ), let V be theḠ-orbit of the subvariety S ⊂ P 8 , and let r be the number of irreducible components of the subvariety V . Then deg(V ) = rdeg(S).
Arguing as in the proofs of [9, Theorem 1.10] and [10, Theorem 1], we may assume that the only log canonical centers of the log pair (P 8 , λD) are components of the subvariety V (see [ Let I V be the ideal sheaf of the subvariety V ⊂ P 8 , and let Λ be a general hyperplane in
It follows from the Shokurov-Nadel vanishing theorem (see [11, Theorem 9.4.8] ) that
for every m 1. In particular, if n = 0, then r = h 1 9, which is impossible by Lemma 16. Hence, we see that 1 n 6.
It follows from [10, Theorem 1] that the variety V is normal and has at most rational singularities. Moreover, it follows from [10, Theorem 1] that for every positive rational number ǫ > 0 there is an effective Q-divisor B V on the variety V such that
and (V, B V ) has Kawamata log terminal singularities. In particular, taking ǫ sufficiently small, we may assume that K V + B V ∼ Q (1 − ν)H for some positive ν ∈ Q, because λ < 10/9.
Remark 20. One can show that any irreducible representation W of the group G such that the center Z(G) ∼ = Z 3 acts non-trivially on W has dimension dim(W ) divisible by 9. Therefore one has h i ≡ 0 mod 9 for every i not divisible by 3, since Z(G) acts nontrivially on Sym i (U ∨ ) if i is not divisible by 3.
Remark 21. One has q 1 = 0 since U ∨ is irreducible and q 2 = 0 by Lemma 17.
. Then it follows from the Shokurov-Nadel vanishing theorem (see [11, Theorem 9.4.8] ) that H V (m) = h m for every m 1. Recall that H V (m) is a Hilbert polynomial of the subvariety V , which is a polynomial in m of degree n with leading coefficient d/n!.
Lemma 22. For any non-negative integer δ one has
Proof. Induction by n.
Lemma 23. If 4 n 5, then d is divisible by 3. If n = 6, then d is divisible by 9.
Proof. Suppose that n = 6. Applying Lemma 22 with δ = 0 and δ = 1, we get
which gives 21h 6 − 21h 3 ≡ 0 mod 9 by subtracting two equalities in (24), reducing everything modulo 9, and using Remark 20. Thus h 6 − h 3 ≡ 0 mod 3, and 15h 6 − 6h 3 ≡ 0 mod 9. The latter equality combined with (24) Remark 25. If n = 6, then q 3 = 0. Indeed, if q 3 > 0, then q 3 > 2 by Lemma 17, so that d < 9, which is impossible by Lemma 23. Similarly, if n = 6 and q 4 > 0, one has d = 9
Remark 26. One has h m h m+1 and q m q m+1 for all m 1.
For every j ∈ {0, 1, . . . , n}, let I V j be the ideal sheaf of the subvariety V j ⊂ Π j . Recall that Π j ∼ = P 8−j and put
Lemma 27. Suppose that i j + 1 and j ∈ {1, . . . , n}. Then
Proof. For every j ∈ {0, 1, . . . , n}, it follows from the adjunction formula that
has at most Kawamata log terminal singularities. Applying the Nadel-Shokurov vanishing theorem to the log pair (V j , B V j ), we see that h 1 (O V j (i)) = 0 for every i j + 1 and every j ∈ {0, 1, . . . , n}. Thus, we have
for every i j + 1 and every j ∈ {0, . . . , n − 1}. Now applying the Nadel-Shokurov vanishing theorem to the log pair (Π j , λD| Π j ), we see that h 1 (O Π j (i) ⊗ I V j ) = 0 for every i j + 1 and every j ∈ {0, 1, . . . , n}. This implies that
for every i j + 1 and every j ∈ {0, 1, . . . , n}. Combining (28) and (29), we have
for every i j + 1 and every j ∈ {1, . . . , n}. Thus, we see that
for every i j + 1 and every j ∈ {1, . . . , n}. Iterating (30), we obtain the required equality.
Lemma 27 allows one to obtain bounds on the numbers q i .
Remark 31. There are trivial bounds 0 q i (V j ) < Playing with the numbers q i (V j ), we can obtain Lemma 35. Suppose that n 4. Then
Proof. Recall that the variety V n−1 ⊂ P 8−n+1 is a smooth curve of degree d, since V is normal.
Since n 4, we see that V n−1 is irreducible. Let g be the genus of the curve V n−1 . It follows from the adjunction formula that
In particular, one has 2g − 2 < dn.
Applying the Nadel-Shokurov vanishing theorem to the log pair (Π n−1 , λD| Π n−1 ), we see that
for every m n. Since 2g − 2 < dn, the divisor nH n−1 is non-special. Therefore, it follows from the Riemann-Roch theorem that q n (V n−1 ) = 9 n − nd + g − 1,
which implies the required inequalities, since 2g − 2 < dn and g 0.
Combining Lemmas 35 and 27 and recalling the trivial bounds from Remark 31, we obtain The above restrictions reduce the problem to a combinatorial question of finding all polynomials H V of degree n with a leading coefficient d/n!, such that h m = H V (m) ∈ Σ m for sufficiently many m 1, and such that the numbers h m and q m = h 0 (O P 8 (m)) − h m satisfy the conditions arising from Lemma 23, Corollaries 32, 36 and 40, and Remarks 21, 25 and 26. This can be done in a straighforward way, although the number of cases to be considered is so large that we had to delegate this part of the proof to a simple computer program. Finally, we get the following four lemmas which we leave without proofs.
